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Abstract In this paper, He’s frequency-amplitude formulation with some choice of
location points that improve accuracy is applied to determine the periodic solution
for the nonlinear oscillations of a punctual charge in the electric field of charged
ring. The results of the present study are valid for small and large amplitudes of
oscillation. The present method can be applied directly to highly nonlinear problems
without any discretization, linearization or restrictive assumptions. Finally, compared
with the exact solution shows that the result obtained is of high accuracy and we will
do a comparative study with previous research done on the same problem, we will
see that our approach is much better especially for large amplitude values.
Keywords He’s frequency formulation · Nonlinear oscillator · Periodic solution ·
Approximate frequency · Conservative oscillator
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1 Introduction
Nonlinear vibration arises everywhere in science, engineering and other disciplines,
since most phenomena in our world today, are essentially nonlinear and are described
by nonlinear equations. It is very important in applications to have a version of the fre-
quency (or period) to have a better understanding of the phenomenamodeled through
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differential equations that contain terms with high nonlinearities, and a simple math-
ematical method is very useful for practical applications.
Recently, many different methods have been developed to obtain the approximate
solutions of nonlinear systems including the harmonic balance method [1,2,3,4], the
energy balancemethod [5,6], the Hamiltonian approach [7,8], the use of special func-
tions [9,10], the max-min approach [11,12], the variational iteration method [13,14,
15,16,17] and homotopy perturbation [18,19,20,21,22,23,24]. An excellent study,
in which many of these techniques can be found in detail to solve nonlinear problems
of oscillatory type can be seen in [25].
In dimensionless form, the equation of motion of a punctual charge placed at a point
on the ring axis, is given by the following nonlinear differential equation [4,26]
d2u
dt2
+
u
(1+ u2)3/2
= 0, (1)
with the initial conditions
u(0) = A, u′(0) = 0. (2)
Where u is de position of the probe charge in units of the radius of the ring, t is the
time measured in terms of the natural frequency of the system.
Themain purpose of the present work is to show how to apply the frequency-amplitude
formulationwith a particular choice of location points, developed recently by Ji-Huan
He based on an ancient Chinese algorithm in [27,28,29,25], and after improved by
himself and other authors in [30,31,34,35], to obtain the approximate periodic solu-
tion of Eq.(1).
2 He’s frequency-amplitude formulation
In order to utilize He’s amplitude frequency formulation, we choose two trial func-
tions u1(t) = Acos(t), u2(t) = Acos(ωt), which are respectively, the solutions of the
following linear differential equations:
u′′+ u = 0
u′′+ω2u = 0,
where ω is assumed to be the frequency of the nonlinear oscillator equation (1).
Substituting u1(t) and u2(t) into equation (1), we obtain, respectively, the following
residuals
R1(t) =
Acos(t)
(1+A2 cos2(t))3/2
−Acos(t),
R2(t) =
Acos(ωt)
(1+A2 cos2(ωt))3/2
−A2ω2 cos(ωt).
According to the method improvements made in [34], the approximate frequency can
be obtained as follows:
ω
2 =
R2(t2)−ω2R1(t1)
R2(t2)−R1(t1)
, (3)
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where t1 and t1 are location points. The phase of the residuals is determined by the
location points.
Recently, in [35] an improvement in the manner of choosing these points was pro-
posed. Such improvement works very well in the solution of certain problems, this is
not the case of the problem studied here, as we will see in the conclusions and dis-
cussions section. In [25,27] the phase of the residuals was chosen as 0 for simplicity,
i.e. t1 = 0 and t2 = 0. The corresponding residuals are as follows:
R1(0) =
A
(1+A2)3/2
−A, (4)
R2(0) =
A
(1+A2)3/2
−A2ω2. (5)
According to Eqs. (4) and (5), the frequency-amplitude formulation is
ω
2(A) =
R2(0)−ω2R1(0)
R2(0)−R1(0)
=
(
A
(1+A2)3/2
−A2ω2
)
−ω2
(
A
(1+A2)3/2
−A
)
(
A
(1+A2)3/2
−A2ω2
)
−
(
A
(1+A2)3/2
−A
)
=
A(1−ω2)
A(1−ω2)(1+A2)3/2 =
1
(1+A2)3/2
.
(6)
Therefore, the analytical approximate frequency ω as a function of A is
ωapp(A) =
1
4
√
(1+A2)3
. (7)
From equation (7) we obtain the following approximate periodic solution to (1)
uapp(t) = Acos
(
1
4
√
(1+A2)3
t
)
. (8)
3 Exact and approximate solutions
The nonlinear oscillator described by Eq. (1) is a conservative system. Integrating Eq.
(1) and using the initial conditions Eq. (2), the exact angular frequency as a function
of A was obtained in [4]
ωex(A) =
2pi∫ 1
0
4Adu√
(1+A2u2)−1/2− (1+A2)−1/2
. (9)
In order to compare the approximate frequencies obtained in the present work and
the exact ones given by Eq. (9) we consider the two cases. First we consider small
amplitudes and we will see that our approximation is very good, in fact we will see
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that ωapp(A) of Eq. (7) tends to be ωex(A) when A → +0. On the other hand we
take into account large amplitudes and show that the approximation obtained by this
method given by Eq. (7) tends to be exactly ωex(A) when A→+∞.
3.1 Case I: 0< A < 1
For small values of the amplitude A it is possible to tconsider the following approxi-
mation for ωex(A), as has been seen in [4]
ωex(A)≈ 1−
9
16
A2+
411
1024
A4− 5147
16384
A6+O(A7). (10)
By taking into account our approximation made through He’s frequency-amplitude
formulation Eq. (7) and ωex(A) from Eq. (10) we can calculate the Table 1 for small
values of A.
In addition, considering that for small values of A
A ωapp(A) Eq. (7) ωex(A) Eq. (10)
ωapp
ωex
(A)
1/1000 0.9999992500 0.9999994375 0.9999998124
1/100 0.9999250066 0.9999437540 0.9999812515
1/10 0.9925650290 0.9944148226 0.9981398169
1/2 0.8458970108 0.8795518875 0.9617363373
Table 1: Comparison between frequencies ωapp(A) and ωex(A) for small values of A.
ωapp(A) =
1
4
√
(1+A2)3
≈ 1− 3
4
A2+
21
32
A4− 77
128
A6+O(A7). (11)
Hence the ratio between ωex(A) and ωapp(A) can also be calculated as the following
series
ωapp(A)
ωex(A)
≃ 1− 3
16
A2+
153
1024
A4− 17613
16384
A6+O(A7). (12)
In the exact limit we have that
lim
A→0+
ωapp(A)
ωex(A)
= 1, (13)
and hence, ωapp(A)→ ωex(A) as A→ 0+.
In Fig. 1 we plot the comparison between exact solution uex = Acos(ωex(A)) for
A = 1/2. Even though around A = 1/2 the error is large, as one can see in Table 1,
the approximation is acceptable.
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Fig. 1: Comparison of analytical approximation(dashed) and exact solution (black)
for A = 1/2
3.2 Case II: A≥ 1
For large amplitudes we calculate the following values with the approximation made
through He’s frequency-amplitude formulation Eq. (7) and the exact result ωex(A)
given by Eq. (9) In this case, we calculate again the ratio between both frequencies
A ωapp(A) Eq. (7) ωex(A) Eq. (9)
ωapp
ωex
(A)
1 0.5946035575 0.4704457120 1.2639153516
5 0.0868500332 0.0831210434 1.0448621628
10 0.0313876621 0.0308692709 1.0167931144
50 0.0028275788 0.0028231732 1.0015605432
100 0.0009999250 0.0009993712 1.0005541029
1000 0.0000316227 0.0000316221 1.0000175879
Table 2: Comparison between frequencies ωapp(A) and ωex(A) for large values of A
approximated by exact ones, as in [32]. In our calculations we need to take into ac-
count that the following integral do converge
∫ 1
0
4
√
udu√
1− u = 2pi . (14)
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In the asymptotic limit for the ratio is calculated as follows
lim
A→+∞
ωapp(A)
ωex(A)
= lim
A→+∞
1
4
√
(1+A2)3
2pi(∫ 1
0
4Adu√
(1+A2u2)−1/2− (1+A2)−1/2
)
= lim
A→+∞
∫ 1
0
4Adu√
(1+A2u2)−1/2− (1+A2)−1/2
2pi 4
√
(1+A2)3
=
1
2pi
∫ 1
0
4
√
udu√
1− u = 1.
(15)
Therefore, ωapp(A)→ ωex(A) as A→+∞.
In Fig. 2 we compare the exact solution uex = Acos(ωex(A)) for A = 10 and the
corresponding approximation. We can appreciate that the semianalytical solution is
quite acceptable.
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Fig. 2: Comparasion of analytical approximation(dashed) and exact solution (black)
for A = 10
From Tables 1, 2 and Eqs. (13), (15), it can be observed that Eq. (7) yield excel-
lent analytical approximate frequencies for both, very small and very large values of
oscillation amplitude A.
4 Conclusions and Discussions
In this section we study the precision and validity of the solution method employed
in the present work. We compare our results with the exact solution obtained in [4],
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all numerical calculations have been made with the help of the software MATHE-
MATICA. A comparative analysis of the error given by the present method and the
error of the best approximation obtained by the Harmonic balancing approach [4], is
made.
The exact solution for the frequency ωex(A) is given by Eq. (9) and we can obtain an
asymptotic expansion for large amplitudes as was done in [4], which is given by
ωex(A)≈
√
2
A3/2
. (16)
There have been obtained a good approximation for ω(A) in [5] through the Energy
Balance Method (EBM), which conclusion is
ωEBM(A) =
2
A3/2
√√
2− 1 (17)
where, considering Eq. (16) we can obtain the large amplitude limit of the ratio of
frequencies
lim
A→∞
ωHBM(A)
ωex(A)
= 0.9101797. (18)
From Eq. (18) one can see that the relative percentage error tends to 8.9% for A→∞.
In addition, the problem was studied in [36] with the same method. The main differ-
ence with the present work is that in [36] the points were chosen following Reng-Gui
[35] and Geng-Cai [34], in such work the best approximation obtained was the fol-
lowing
ωR−G(A) =
1.3337481
A3/2
(19)
where, by considering Eq. (16) they found
lim
A→∞
ωR−G(A)
ωex(A)
= 0.9431023. (20)
From Eq. (20) it is observed that the relative percentage error tends to 5.6% in the
limit A→ ∞.
The best known approximationwas obtained by the Harmonic BalanceMethod (HBM)
in [4], whose approximation is
ωHBM(A) =
1.39197
A3/2
(21)
from where
lim
A→∞
ωHBM(A)
ωex(A)
= 0.984273. (22)
The above, is the best known approximation so far, with which we have a percentage
relative error of only 1.57% in the limit A→ ∞.
By considering the data of tables 1 and 2, we calculate the percentage relative error
for small and large amplitudes A, the corresponding values are shown in Table 3. In
the present work, from Eq. (15) we obtain the limit lim
A→+∞
ωapp(A)
ωex(A)
= 1, From where
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A Relative errors % A Relative errors %
1/1000 0.0000181 10 1.6793114
1/100 0.0018742 20 0.6085781
1/10 0.1860181 50 0.1560544
1/2 3.8263660 100 0.0554103
1 13.318421 1000 0.0017588
Table 3: Relative errors % obtained in the present study for some small and large
values of A
the percentage relative error tends to zero when A → ∞ as we can see in the figure
3, which improves the best known approximation ωHBM(A). Also, in the figure 3 it
can be seen that for 0 < A < 1 the harmonic balance method used in [4] is a better
approximation for the solution of the present problem.
Additionally, we must clarify that the center of the ring presents instability and there-
fore the oscillations of the charge around this point are not possible. To solve this
problem it could be possible to consider that the punctual charge is on a finite con-
ducting wire placed along the axis of the ring as it is done as in [33], this is also
considered in [26].
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Fig. 3: Relative errors with the method (Amp-Frec) used in the present study (blue)
and the HMB (orange) in [4]
Finally, it is concluded from the previous discussion that the alternative approach pre-
sented in this paper for the selection of location points in He’s frecuency-amplitude
formulation, gives a high precision solution for the nonlinear oscillations of a ponit
charge in the electric field of charged ring, specially for large values of A≫ 1 or very
small A≪ 1.
Nonlinear oscillations of a point charge 9
References
1. Nayfeh, A.H.: Problems in Perturbation. Wiley, New York (1985)
2. Mickens, R. E.: Oscillations in Planar Dynamics Systems. World Scientific, Singapore (1996)
3. Bele´ndez, A., Pascual, C.: Harmonic balance approach to the periodic solutions of the (an)harmonic
relativistic oscillator. Phys. Lett. A 371(4), 291-299 (2007)
4. Bele´ndez, A., Ferna´ndez, E., Rodes, J. J., Fuentes, R., Pascual, I.: Harmonic balancing approach to
nonlinear oscillations of a punctual charge in the electric field of charged ring. Phys. Lett. A 373, 735-
740 (2009). doi: 10.1016/j.physleta.2008.12.042
5. Yildirim, A., Askari, H., Saadatnia, Z., Kalami-Yazdi, M., Khand, Y.: Analysis of nonlinear oscillations
of a punctual charge in the electric field of a charged ring via a Hamiltonian approach and the energy
balance method. Comput. Math. Appl. 62(1), 486-490 (2011). doi: 10.1016/j.camwa.2011.05.029
6. Khan, Y., Mirzabeigy, A.: Improved accuracy of He’s energy balance method for analysis of conserva-
tive nonlinear oscillator. Neural Comput. Appl. 25(3), 889-895 (2014). doi: 10.1007/s00521-014-1576-2
7. Yildirim, A., Saadatnia, Z., Askari, H.: Application of the Hamiltonian approach to nonlinear oscilla-
tors with rational and irrational elastic terms. Math. Comput. Modelling 54(1-2), 697-703 (2011). doi:
10.1016/j.mcm.2011.03.012
8. He, J. H.: Hamiltonian approach to nonlinear oscillators. Phys. Lett. A 374(23), 2312-2314 (2010). doi:
10.1016/j.physleta.2010.03.064
9. Elı´as-Zu´n˜iga, A.: Exact solution of the cubic-quintic Duffing oscillator. Appl. Math. Model. 37(4),
2574-2579 (2013). doi: 10.1016/j.apm.2012.04.005
10. Elı´as-Zu´n˜iga, A.: Solution of the damped cubicquintic Duffing oscillator by using Jacobi elliptic func-
tions. Appl. Math. Comput. 246, 474-481 (2014). doi: 10.1016/j.amc. 2014.07.110
11. He, J.H.: Max-min approach to nonlinear oscillators. Int. J. Nonlinear Sci. Numer. Simul. 9(2), 207-
210 (2008). doi: 10.1515/IJNSNS.2008.9.2.207
12. Zeng, D. Q.: Nonlinear oscillator with discontinuity by the max-min approach. Chaos, Solitons Frac-
tals 42(15), 2885-2889 (2009). doi: 10.1016/j.chaos.2009.04.029
13. Rafei, M., Ganji, D. D., Daniali, H., Pashaei, H.: The variational iteration method for nonlinear oscil-
lators with discontinuities. J. Sound. Vibration 305(4-5), 614-620 (2007). doi: 10.1016/j.jsv.2007.04.020
14. He, J. H.: Variational approach for nonlinear oscillators. Chaos, Solitons Fractals 34(5), 1430-1439
(2007). doi: 10.1016/j.chaos.2006.10.026
15. He, J. H.: Variational iteration method a kind of non-linear analytical technique: some examples. Int.
J. Non-linear Mech. 34, 699-708 (1999)
16. He, J. H., Wu, X. H.: Construction of solitary solution and compact on-like solution by variational
iteration method. Chaos, Solitons Fractals 29(1), 108-113 (2006). doi: 10.1016/j.chaos.2005.10.100
17. Wazwaz, A. M.: The variational iteration method: a powerful scheme for handling linear and nonlinear
diffusion equations. Comput. Math. Appl. 54(7-8), 933-939 (2007). doi: 10.1016/j.camwa.2006.12.039
18. Bele´ndez, A., Pascual, C., Gallego, S., Ortun˜o, M., Neipp, C.: Application of a modified He’s ho-
motopy perturbation method to obtain higher-order approximations of a x1/3 force nonlinear oscillator.
Phys. Lett. A 371(5-6), 421-426 (2007). doi: 10.1016/j.physleta.2007.06.042
19. Bele´ndez, A., Herna´ndez, A., Bele´ndez, T., Ferna´ndez, E., A´lvarez, M. L., Neipp, C.: Application of
He’s homotopy perturbation method to the Duffing harmonic oscillator. Int. J. Non-linear Sci. Numer.
Simul. 8(1), 79-88 (2007). doi: 10.1515/IJNSNS.2007.8.1.79
20. Gorji, M., Ganji, D. D., Soleimani, S.: New application of He’s homotopy perturbation method. Int.
J. Non-linear Sci. Numer. Simul. 8(3), 319-328 (2007). doi: 10.1515/IJNSNS.2007.8.3.319
21. Ganji, D. D., Sadighi, A.: Application of He’s homotopy-perturbation method to nonlinear coupled
systems of reaction-diffusion equations. Int. J. Non-linear Sci. Numer. Simul. 7(4), 411-418 (2006).
DOI: 10.1515/IJNSNS.2006.7.4.411
22. He, J. H.: Homotopy perturbation method for solving boundary value problems. Phys. Lett. A 350(1-
2), 87-88 (2006). doi: 10.1016/j.physleta.2005.10.005
23. He, J. H.: Homotopy perturbation method for bifurcation on nonlinear problems. Int. J. Non-linear
Sci. Numer. Simul. 6(2), 207-208 (2005). doi: 10.1515/IJNSNS.2005.6.2.207
24. He, J. H.: The homotopy perturbation method for nonlinear oscillators with discontinuities. Appl.
Math. Comput. 151(1), 287-292 (2004). doi: 10.1016/S0096-3003(03)00341-2
25. He, J. H.: Some asymptotic methods for strongly nonlinear equations. Int. J. Mod. Phys. B 20(10),
1141-1199 (2006). doi: 10.1142/S0217979206033796
26. Bele´ndez, A., Ferna´ndez, E., Rodes, J. J., Fuentes, R., Pascual, I.: Considerations on “Harmonic bal-
ancing approach to nonlinear oscillations of a punctual charge in the electric field of charged ring”. Phys.
Lett. A 373, 4264-4265 (2009). doi: 10.1016/j.physleta.2009.09.048
10 O. Gonza´lez-Gaxiola et al.
27. He, J. H.: Ancient Chinese algorithm: The Ying Buzu Shu (method of surplus and deficiency) vs
Newton iteration method. Appl. Math. Mech. (English Ed.) 23(12), 1407-1412 (2002)
28. He, J. H.: Solution of nonlinear equations by an ancient Chinese algorithm. Appl. Math. Comput.
151(1), 293-297 (2004). doi: 10.1016/S0096-3003(03)00348-5
29. He, J. H.: Non-perturbative methods for strongly nonlinear problems, dissertation, de-Verlag im In-
ternet GmbH, Berlin, 42-43 (2006)
30. He, J. H.: Comment on He’s frequency formulation for nonlinear oscillators. Eur. J. Phys. 29, L19-L22
(2008). doi: 10.1088/0143-0807/29/4/L02
31. He, J. H.: An improved amplitude-frequency formulation for nonlinear oscillators. Int. J. Nonlinear
Sci. Numer. Simul. 9(2), 211-212 (2008). doi: 10.1515/IJNSNS.2008.9.2.211
32. Zeng, D. Q., Lee, Y. Y.: Analysis of strongly nonlinear oscillator using the max-min approach. Int. J.
Nonlinear Sci. Numer. Simul. 10(10), 1361-1368 (2009). doi: 10.1515/IJNSNS.2009.10.10.1361
33. De Luca, R., Ganci, S.: Classical charge oscillations in nanoscopic systems. Rev. Bras. Ens. Fis. 31(2),
2310 (2009)
34. Geng, L., Cai, X. C.: He’s frequency formulation for nonlinear oscillators. European J. Phys. 28,
923-931 (2007). doi: 10.1088/0143-0807/28/5/016
35. Zhong-Fu, R., Wei-Kui G.: He’s frequency formulation for nonlinear oscillators using a golden mean
location. Comput. Math. Appl. 61(8), 1987-1990 (2011). doi: 10.1016/j.camwa.2010.08.047
36. Valipoura, S., Fallahpour, R., Moridani, M.M., Chakouvari, S.: Nonlinear dynamic analysis of a punc-
tual charge in the electric field of a charged ring via modified frequency-amplitude formulation. Propul-
sion and Power Research 5(1), 81-86 (2016). doi: 10.1016/j.jppr.2016.01.001
